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O ■ ABSTRACT 

£ : 

We prove that the twist-3 chiral-odd parton distributions obey simple GLAP 
evolution equations in the limit N c — > oo and give analytic formulae for the 
7-H ■ corresponding anomalous dimensions. The results are valid to 0(1/N 2 ) accu- 

racy and will be useful in confronting with future experiments. 

The nucleon has three independent twist-3 parton distributions g 2 {x, Q 2 ), hi{x,Q 2 ) 
and e(x, Q 2 ) [1]. g 2 is chiral-even while hi and e are chiral-odd. The increasing pre- 
cision of experiment requires understanding of these higher twist effects induced by 
q\ ■ correlations of partons. In particular, g 2 and h L play a distinguished role in spin 

physics, since they can be measured as leading effects for certain asymmetries [2,1]. 
Qh| The Q 2 -evolution of twist-3 distributions is generally quite sophisticated due 

to mixing with quark-antiquark-gluon operators, the number of which increases 
with spin (moment of the distributions). For the flavor-nonsinglet part of g 2 , a 
crucial simplification has been pointed out in the large N c limit, that is neglecting 
0(1/N 2 ) corrections [3]: g 2 (x,Q 2 ) obeys a simple GLAP evolution equation and the 
rS | corresponding anomalous dimension is known in analytic form. 

In this work[4] we demonstrate that the same pattern is obeyed by chiral-odd 
distributions Hl{x, Q 2 ) and e(x, Q 2 ) and that the simplification is of universal nature. 
For all practical purposes this solves the problem of the Q 2 -evolution of twist-3 
nonsinglet parton distributions, since the corrections 1/N 2 are small. 

Following[5,l] we define the parton distributions as nucleon matrix elements of 
nonlocal light-cone operators (we do not show the gauge phase factors) 

^e-< p -^{PS\i>{z/2)Y^{-z/2)\PS). (1) 

Here x is the Bjorken variable, z is a light-like vector z 2 = 0, and IPS') is the 
nucleon state with its momentum P and the spin S. The substitution T = 1 and 
<7 fiu i r y 5 generates e(x) and Hl{x) respectively as the twist-3 contributions [1]. 

By using the equations of motion, the twist-3 quark-antiquark distributions can 
be expressed in terms of quark-gluon correlations. The relevant operator identities 
are [6] 

4){z)il){-z) = -0(0)^(0) + / du [ V dtSi{u,t,-u) , (2) 
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ip(z)a lxl/ z l/ ij 5 ip(-z) = [^(z)cr fiu z u ij 5 ij(-z)] twist2 +iz^ udu / tdt S ils (u,t, -u), (3) 

JO J—u 

where S\(u, t,v; /i 2 ) = ip(uz)a^AgG u ^(tz)z^z u ilj(vz) with A = 1,275, and we neglect 
operators containing total derivatives which are irrelevant for our purposes. 

The <3 2 -dependence of the twist-3 distributions is governed by the renormaliza- 
tion group (RG) equation for the corresponding nonlocal operators S\- To leading 
logarithmic accuracy the evolution for A = 1 and 275 is the same; hence we drop the 
subscript in what follows. We introduce the Mellin transformed operators[7,3] 

1 /-1/2+ioo 7/ _|_ 7 > _ Of 

S(u,t,v) = — dj(u-vy~ 2 SU,0, z = — — (4) 

2.HI Jl/2-ioo u — V 

with j the complex angular momentum; operators with different j do not mix with 
each other. Neglecting contributions down by 1/iV 2 , we obtain the RG equation[4] 

»fy + Pte)fy) S V>t> = ]_*nKj(trj)S{j,Tiw). (5) 

For the explicit form of the kernel Kj(C,,i]), we refer the readers to Ref. [4]. 
To solve (5) we consider the conjugate homogeneous equation 

Jjr ] K J (r ] ,OUv)=l J MO- (6) 

Then it is easy to see that j\ d£<j>j(£)S(j, £; /i) gives a multiplicatively renormaliz- 
able nonlocal operator corresponding to the anomalous dimension 7,-. 

One can prove that Eq.(6) has two solutions analytic at the points £ = ±1: 
+ (£) = 1 and </>"(£) = £ (all other solutions have logarithmic branching points). 
The corresponding eigenvalues (anomalous dimensions) respectively equal 

t = 2N c{W + 1 )+lE-\-J^(-\± 1 )}> ( 7 ) 

where ip(z) = -^lnT(z) and 7^ is the Euler constant. 

The superscript ± corresponds to the "parity" under due to the sym- 

metry of the kernel Kj(—r),—£) = Kj(r),£)[4], one can look for separate solutions 
which are even (odd) under £ — > — £. From Eqs.(2) and (3), the relevant quantities 
for e(x) and 1il(x) are even and odd "^-parity" pieces of the nonlocal operators. 

Substituting the definition (4) into (2) and (3), we observe that our solutions in 
the large N c limit give the (^-evolution for the moments: 

M n [e](Q) = L^/ b M n [e]{ii) ; M n [h L ](Q) = L^/ b M n [h L }(^), (8) 

where -M n [e] = j\dxx n e(x), b = (llN c — 2Nf)/3, and L = a s (Q)/a s (fi). hi is the 
genuine twist-3 contribution to Hl, after subtracting out the twist-2 piece [1]. These 
results show simple GLAP evolutions without any complicated operator mixing. 
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Expansion of nonlocal operators at small quark-antiquark separations generates 
the series of local operators of increasing dimension. The anomalous dimension 
matrix for these local operators has been obtained for hi,[8] as well as for e[9]. By 
comparing our solutions (7) with the spectrum of the anomalous dimensions in the 
N c — > oo limit, which is obtained by the numerical diagonalization of the mixing 
matrix in [8,9], we conclude that our solutions always correspond to operators with 
the lowest anomalous dimension in the spectrum (for the detail, see Refs.[4,9]). 

To illustrate numerical accuracy of the leading- N c approximation, consider the 
result [8] including 1/N 2 corrections for the evolution of the n = 5 moment of Hl'- 

MSlKQ) = [0.4166 5 ,2(/i) + 0.1936 5 ,3(/i)]^ 12 - 91/6 

+ [0.013M^)- 0.050M^)]£ 18 '° 5/6 , (9) 
where b n)k (n) are reduced matrix elements of the independent quark-antiquark-gluon 
local operators in the notation of [1,8]. This is reduced in the large N c limit to 



M 5 [h L ](Q) 
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L Vi - 7 ' b . (10) 



One observes: the contribution of the operator with the higher anomalous dimension 
in (9) is small (~ 1/N%), while the one with the lowest anomalous dimension is close 
to the large N c limit. This observation is crucial for phenomenology, since description 
of each moment of the twist-3 distribution now requires one single nonperturbative 
parameter. Similar phenomenon is observed also for e(a;)[9]. 

To summarize, our solutions provide a powerful framework both in confronting 
with experimental data and for the model-building. From a general point of view, 
they are interesting as providing with an example of an interacting three-particle 
system in which one can find an exact energy of the lowest state. For phenomenology, 
main lesson is that inclusive measurements of twist-3 distributions are complete (to 
our accuracy) in the sense that knowledge of the distribution at one value of Qq is 
enough to predict its value at arbitrary Q 2 , in the spirit of GLAP evolution equation. 
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